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Abstract Non-classical probability is the underlying
feature of quantum mechanics. The emergence of Bell-
CHSH non-locality for bipartite systems and linear en-
tanglement inequalities for two-qubit systems has been
shown in [1], purely as violations of classical probabil-
ity rules. In this paper, as a direct continuation of [1],
we extend the results to non-locality in multi-party
systems and entanglement in multi-qubit systems. We
show how any number of entanglement witnesses can
be obtained, including the ones that have been derived
earlier by employing diverse methods.
1 Introduction
In a recent work [1], we introduced a new class of op-
erators called pseudo projections which, by definition,
are quantum representatives of indicator functions for
classical events in phase space. We showed that their
expectation values – for a given state – have the sig-
nificance of pseudo probabilities. When pseudo proba-
bilities take values outside the interval [0, 1], they flag
a non classical property of the underlying state. For,
they essentially exhibit violations of classical probabil-
ity rules.
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All criteria for non-classicality of states ought to be
eventually traced back to violations of classical prob-
ability rules since quantum mechanical rules are for-
mulated in terms of (complex valued) probability am-
plitudes. One natural way to realise that would be to
employ pseudo projections.
A special case of interest is the Margenau Hill dis-
tribution [2, 3], which is just the pseudo projection for
the joint outcome of two observables (pseudo projec-
tions for outcomes of a single observable are always
projections.). Employing just these minimal operators,
we recovered, in [1], a number of non-classicality crite-
ria which have been derived earlier from diverse con-
siderations. They include Bell-CHSH inequality in any
dimension and entanglement inequalities for two qubit
states. In a subsequent work [4], we have further estab-
lished the relationship between anomalous weak values
and pseudo- probabilities and, also, derived conditions
for quantum discord in two qubit systems.
This paper picks up the thread from [1, 4] and, as
a direct continuation, extends the results to multiqubit
systems. We show that it is possible to derive any num-
ber of non classicality conditions, each expressed as an
appropriate inequality. In the process, we recover al-
ready established inequalities for nonlocality [5–8] and
entanglement [9–11]. The main difference is that those
derivations employ diverse approaches. All our inequal-
ities arise from violations of classical sum rules for prob-
abilities. The sum rules are linear, with the sole excep-
tion in section (6.2) where they involve bilinear terms.
Each of them is a manifestation of the fact that the ex-
istence of a joint probability for observables would have
precluded such a non classical behaviour, an observa-
tion that was originally made for the standard Bell-
CHSH inequality [12]. Finally, we show that any state
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with nonvanishing correlation (excluding single party
nonclassicality) is inherently nonclassical.
The plan of the paper is as follows: For clarity and
completeness, a brief account of the formalism will be
given in section (2). After setting up the notations in
section (3) and giving account of methodology in sec-
tion (4), the results central to this paper – various non-
locality and entanglement inequalities – are presented
in sections (5) and (6) respectively. In section (7), rela-
tive strengths of various inequalities are compared. Sec-
tion (8) summarises the paper.
2 The Formalism
The mathematical tool required for the formalism has
been spelt out, in great detail, in [1]. Suffice to men-
tion here that just as indicator functions for the val-
ues of a given observable map to projections, indicator
functions for the joint outcomes of multiple observables
are represented by pseudo projections [1]– symmetrised
products of the individual projections. By construction,
a pseudo projection is hermitian, but not idempotent.
Nor is its spectrum bounded by the unit interval [0, 1],
unlike its parent indicator function. Violation of this
classical bound is the source of non-classicality.
Consider, for instance, two observables M,N and let
pimi , pinj be the projection operators representing the
respective indicator functions for the outcomes M = mi
and N = nj . The operator, i.e., the pseudo-projection
representing the indicator function for their classical
joint outcome is the symmetrised product [2, 3]:
Πminj =
1
2
{
pimi , pinj
}
, (1)
in accord with Weyl ordering [13]. Generalization to
multiple projections is not unique and is a source of
much richness.
Only a pseudo-projection involving mutually com-
muting projections is a true projection, whence its ex-
pectation value in any state necessarily possesses an in-
terpretation of being a probability. More generally, if we
were to construct a scheme of joint pseudo-probabilities
(PPS), involving all possible outcomes of each observ-
able, then only the ultimate marginal, involving only
a single observable, is guaranteed to have the charac-
ter of a classical probability scheme – with entries in
agreement with the predictions of quantum mechanics.
This leads to a broad definition of non-classicality
of a state with respect to a given set of observables [1].
A state is nonclassical if even one pseudo-probability
in the PPS is negative. PPS, indeed, is of fundamen-
tal importance. If all the entries in a PPS turn to be
non-negative, it will be equivalent to a classical joint
probability scheme; there would be no non classicality.
Furthermore, without getting into intricacies of logic,
one may define pseudo-projection for operations such
as OR and NOT by using standard Boolean rules. This
has been explicitly described in [1]. As an example, we
may write the pseudo projection for the event E(M =
mi or N = nj) to be
Πmi∨nj =
∑
l
Πminl +
∑
l
Πmlnj −Πminj
= pimi + pinj −Πminj (2)
Historically, we note that the product of noncom-
muting projections was first employed by Kirkwood [14]
and Barut [15] for construction of a complex proba-
bility distribution. Later, Margenau and Hill [2], and
Barut et al. [3] employed the hermitized product for
construction of a quasiprobability distribution of joint
outcome of non-commuting operators. Such a distribu-
tion has been used in [16] to characterise nonclassical
correlations of multiqubit system with prior knowledge
of average direction of single subsystem. The present
approach starts with the more fundamental indicator
functions, and systematically provides conditions for
non-classicality, from single party systems to multiparty
systems – purely as violations of classical probability
rules. This, to the best of our knowledge, has not been
explored before.
3 Notation
In this section, we evolve compact notations for express-
ing the results. This is made possible because we employ
only dichotomic observables, with eigenvalues ±1. The
symbol E is reserved to denote events and P, pseudo
probabilities.
1. E(A = +1) ≡ E(A), and its negation, E(A = −1) ≡
E(A¯).
2. For an N party system, the observable Ai refers
to the ith subsystem. Observables belonging to the
same subsystem are distinguished by primes in the
superscript, such as A′i, A
′′
i , · · · .
3. The pseudo-probability for a joint event E(A1 =
+1, A′1 = +1;A2 = +1, A
′
2 = −1) is represented
compactly as P(A1A′1;A2A¯′2). This rule admits easy
generalisation.
4. The pseudo probability P(A1 = A′1) represents the
sum P(A1A′1) + P(A¯1A¯′1). Its generalisation is also
straightforward.
5. The compact notation P(E ;A) represents the pseudo-
probability for the joint occurrence of event E to-
gether with A = +1.
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6. As an exception, we employ lower case letters for
the observables of a qubit: Ai → ai ≡ σi · aˆ.
4 Methodology
We employ a common methodology all throughout. It
consists of weighted sums of pseudo probabilities – or
their bilinears, which would have been, classically, non-
negative. While deriving conditions for non-locality, we
write each pseudo-probability in terms of averages.
Whereas for entanglement, we replace each of them by
expectation of its parent pseudo-projection. The set of
all states for which the expectation of the resultant op-
erator turns out to be negative would possess a common
non classical property. Here, we are interested in two
specific non-classical features: non locality in N party
systems and entanglement in N qubit systems.
We first start with a discussion of multi-party non-
locality.
5 Multiparty non-locality
Following [1], we employ events such that only cor-
relations contribute to non-classicality conditions. For
each subsystem, we consider two non commuting ob-
servables.
5.1 Svetlichny Inequality
Svetlichny inequality detects N– party nonlocal corre-
lations that are not reducible to (N−M) party correla-
tions related locally to the rest of M–parties (M < N).
For illustration, we consider the simplest case of three
party system first.
5.1.1 N=3
Of relevance to this example is the specific sum of pseudo
probabilities, given by
PS3 ≡P(Eα2 ;A′3) + P(Eα
′
2 ; A¯
′
3)
+P(Eβ2 ;A3) + P(Eβ
′
2 ; A¯3), (3)
where the event Eα2 is the event underlying Bell inequal-
ity for the residual two party subsystem [1]:
Eα2 ≡ E(A¯1 = A′1 = A2) ∨ E(A1 = A′1 = A′2). (4)
The other three events, again for the residual two party
systems, are obtained via the transformations of observ-
ables as shown in Table (1).
Events Observables
Eα2 → Eβ2 Interchange of primed and
unprimed observables
Eα2 → Eα
′
2 A2 ↔ A¯2; A′2 ↔ A¯′2
Eβ2 → Eβ
′
2
Table 1 Transformation of events and corresponding trans-
formation of observables.
The demand that PS3 < 0, which is forbidden clas-
sically, together with the methodology outlined above,
gives rise to the inequality
S3 =
〈{
(−A1 +A′1)A2 + (A1 +A′1)A′2
}
A′3+{
(A1 +A
′
1)A2 + (A1 −A′1)A′2
}
A3
〉
< −4 (5)
If we now interchange A¯1 and A¯
′
1 with A1 and A
′
1 re-
spectively in equation (3), we obtain the complemen-
tary condition S3 > 4 which, combined with (5), yields
the simplest Svetlichny inequality,
|S3| =
∣∣∣〈{(−A1 +A′1)A2 + (A1 +A′1)A′2}A′3
+
{
(A1 +A
′
1)A2 + (A1 −A′1)A′2
}
A3
〉∣∣∣ > 4 (6)
5.1.2 N -party system
The above approach suggests construction of pseudo
probabilities to set up Svetlichny inequality for an N–
party system. It is identified to be the sum, recursively
defined in terms of (N − 1) party events, given by
PSN ≡P(EαN−1;A′N ) + P(Eα
′
N−1; A¯
′
N )
+P(EβN−1;AN ) + P(Eβ
′
N−1; A¯N );N ≥ 3. (7)
The associated event EαN is given, recursively by
EαN ≡E(EαN−1;A′N ) ∨ E(Eα
′
N−1; A¯
′
N )
∨ E(EβN−1;AN ) ∨ E(Eβ
′
N−1; A¯N ); (8)
The elementary event Eα2 is defined in equation (4).
The other events – Eα′N−1, EβN−1, Eβ
′
N−1, can be obtained
by changing the operators, as prescribed in table (2).
Events Observables
EαN−1 → EβN−1 Change primed and
unprimed observables.
EαN−1 → Eα
′
N−1
EβN−1 → Eβ
′
N−1 AN−1 ↔ A¯N−1 and A′N−1 ↔ A¯′N−1
Table 2 Transformation of events and corresponding trans-
formation of observables.
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The non classicality condition, PSN < 0, straight-
away yields the inequality (obtained in [17], by an en-
tirely different method):
〈SN−1A′N + S′N−1AN 〉 < −2N−1, (9)
where SN−1 is the Svetlichny polynomial for the (N −
1)–party system; S′N−1 can be obtained from SN−1 by
interchanging the primed and the unprimed observ-
ables.
This construction provides a template for construct-
ing, in a systematic manner, various non-classicality in-
equalities through an incremental increase in the num-
ber of observables, as worked out, e.g., in section (6).
5.2 Das Datta Agrawal inequalities.
Recently, Das et al. [8] derived an inequality for three
party systems, by combining Bell inequalities for the
constituent two party subsystems. The inequality was
tested against the so called generalised GHZ states, and
subsequently generalised to multi qubit states (more
generally, N party states). Here, the stringent condi-
tion on correlations, imposed while deriving Svetlichny
inequality, is relaxed to admit the existence of corre-
lations involving (N − 1) parties as well. As promised,
we recover them as violations of appropriate classical
probability rules. We start with the simplest case.
5.2.1 N=3
We start with the sum of pseudo-probabilities,
PD3 ≡P(Eα3 ) + P(Eβ3 ), (10)
for the events
Eα3 ≡ E(A1 = A′1 = A2;A3) ∨ E(A1 = A′1 = A¯2; A¯3);
Eβ3 ≡ E(A1 = A¯′1 = A′2). (11)
After some algebra, the non-classicality condition, PD3 <
0, yields the inequality〈
(A1 +A
′
1)A2A3 + (A1 −A′1)A′2
〉
< −2. (12)
which, as we may see, involves two party correlators
also. Furthermore, it does not treat all the subsystems
on par. As in the previous subsection, the generalization
to an N party system is straight forward, except that
we need to distinguish the two cases, viz., N even or
odd.
5.2.2 N even
The relevant sum of pseudo probabilities is defined re-
cursively, by
PDN ≡P(EαN ) + P(EβN );N ≥ 4, (13)
where
EαN ≡ E(EαN−1;AN ) ∨ E(Eα
′
N−1; A¯N );
EβN ≡ E(EγN−1;A′N ) ∨ E(Eγ
′
N−1; A¯
′
N ), (14)
where EγN−1 ≡ E(EβN−1;A′N−1) ∨ (Eβ
′
N−1; A¯
′
N−1). The
transformations required to obtain Eα′N−1, Eβ
′
N−1 and
Eγ′N−1 from EαN−1, EβN−1 and EγN−1 respectively are shown
in table (3).
Events Observables
EαN−1 → Eα
′
N−1 AN−1 ↔ A¯N−1
EβN−1 → Eβ
′
N−1 A
′
N−2 ↔ A¯′N−2
EγN−1 → Eγ
′
N−1 A
′
N−1 ↔ A¯′N−1
Table 3 Transformation of events and corresponding trans-
formation of observables.
After plugging in the expressions of pseudoproba-
bilities in terms of averages, the condition PDN < 0,
translates to the inequality〈
(A1 +A
′
1)A2 · · ·AN + (A1 −A′1)A′2 · · ·A′N
〉
< −2.
(15)
It may be noted that every term has the full N party
correlation.
5.2.3 N odd
The pseudo probability that we need is
PDN ≡P(EαN ) + P(EβN );N ≥ 5, (16)
where the events,
EαN ≡ E(EαN−1;AN ) ∨ E(Eα
′
N−1; A¯N ); EβN ≡ EβN−1. (17)
The event Eα′N−1 can be obtained from EαN−1 by the in-
terchange AN−1 ↔ A¯N−1. The ensuing inequality reads
as〈
(A1 +A
′
1)A2 · · ·AN + (A1 −A′1)A′2 · · ·A′N−1
〉
< −2
(18)
which also gets a contribution from (N − 1) party cor-
relators.
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5.3 Mermin-Ardehali Inequality
Mermin derived inequality for a completely factoris-
able local hidden variable model for correlations of N–
party states [6]. Without much ado, we present the re-
sults, first for three party system and subsequently, for
N party systems. These inequalities also differ for N
even and N odd, and are expressed in terms of the
Mermin polynomial MN , defined recursively by MN =
MN−1A′N + M
′
N−1AN , with M2 ≡ A1A2 + A′1A′2 and
M ′2 ≡ A1A′2 − A′1A2. M ′N can be obtained from MN
through the substitution: AN → A′N and A′N → −AN .
The inequality reads as
〈MN 〉 = 〈MN−1A′N +M ′N−1AN 〉 < CN (19)
where, CN = −2N2 for N even and −2N−12 for N odd.
5.3.1 N = 3
Following sum of pseudo-probabilities is of interest for
us:
PM3 ≡P(Eα2 ;A′3) + P(Eα
′
2 ; A¯
′
3)
+P(Eβ2 ;A3) + P(Eβ
′
2 ; A¯3). (20)
Here, Eα2 ≡ E(A1 = A′1 = A2 = A′2) ∨ E(A1 = A¯′1 =
A2 = A¯
′
2). The transformations of observables required
to obtain Eα′2 , Eβ2 and Eβ
′
2 are given in table (4).
Events Observables
Eα2 → Eα
′
2
Eβ2 → Eβ
′
2 A2 ↔ A¯2; A′2 ↔ A¯′2
Eα2 → Eβ2 A2 → A′2; A′2 → A¯2
A¯2 → A¯′2; A¯′2 → A2
Table 4 Transformation of events and corresponding trans-
formation of observables.
Following the procedure mentioned in section (4),
we arrive at equation (19) with N = 3.
5.3.2 N Even
We start with the sum
PMN ≡ P(EαN−1;A′N ) + P(Eα
′
N−1; A¯
′
N )
+ P(EβN−1;AN ) + P(Eβ
′
N−1; A¯N );N ≥ 4. (21)
where the classical eventEαN is recursively defined to be
EαN ≡E(EαN−1;A′N ) ∨ E(Eα
′
N−1; A¯
′
N )
∨ E(EβN−1;AN ) ∨ E(Eβ
′
N−1; A¯N ) (22)
Events Observables
EαN−1 → EβN−1 AN−1 → A′N−1 and A′N−1 → A¯N−1;
A¯N−1 → A¯′N−1 and A¯′N−1 → AN−1
EαN−1 → Eα
′
N−1
EβN−1 → Eβ
′
N−1 AN−1 ↔ A¯N−1 and A′N−1 ↔ A¯′N−1
Table 5 Transformation of events and corresponding trans-
formation of observables.
The other events, Eα′N−1, EβN−1 and Eβ
′
N−1 are obtained
via the substitutions and exchanges which are shown in
table (5). Following the standard procedure, we arrive
at equation (19) with CN = −2N/2.
5.3.3 N Odd
The sum of pseudoprobabilities, which we require, may
be taken to be,
PMN ≡P(Eα1N−3; Eβ12 ;AN ) + P(Eα2N−3; Eβ22 ;AN )+
P(Eα1N−3; Eβ22 ; A¯N ) + P(Eα2N−3; Eβ12 ; A¯N )+
P(Eα′1N−3; Eβ
′
1
2 ;AN ) + P(Eα
′
2
N−3; Eβ
′
2
2 ;AN )+
P(Eα′1N−3; Eβ
′
2
2 ; A¯N ) + P(Eα
′
2
N−3; Eβ
′
1
2 ; A¯N )+
P(Eα1N−3; Eβ
′
1
2 ;A
′
N ) + P(Eα2N−3; Eβ
′
2
2 ;A
′
N )+
P(Eα1N−3; Eβ
′
2
2 ; A¯
′
N ) + P(Eα2N−3; Eβ
′
1
2 ; A¯
′
N )+
P(Eα′1N−3; Eβ12 ;A′N ) + P(Eα
′
2
N−3; Eβ22 ;A′N )+
P(Eα′1N−3; Eβ22 ; A¯′N ) + P(Eα
′
2
N−3; Eβ12 ; A¯′N );N ≥ 5.
(23)
where the events
Eα1N−3 ≡ E(Eα1N−5; Eλ12 ) ∨ E(Eα2N−5; Eλ22 )∨
E(Eα′1N−5; Eλ
′
1
2 ) ∨ E(Eα
′
2
N−5; Eλ
′
2
2 );
Eα12 ≡ E(A1 = A′1 = A2 = A′2) ∨ E(A1 = A¯′1 = A2 = A¯′2);
Eβ12 ≡ E(AN−2 = A′N−2 = AN−1 = A′N−1)∨
E(AN−2 = A¯′N−2 = AN−1 = A¯′N−1);
Eλ12 ≡ E(AN−4 = A′N−4 = AN−3 = A′N−3)∨
E(AN−4 = A¯′N−4 = AN−3 = A¯′N−3). (24)
The transformations required to get the other events
are given in table (6).
As before, the non classicality condition PMN < 0,
yields equation (19), but with CN = −2N−12 . This con-
cludes our discussion on non-locality for any N party
system. We now turn our attention to entanglement in
N qubit systems.
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Events Observables
Eα1N−3 → E
α′
1
N−3 AN−3 → A′N−3; A¯N−3 → A¯′N−3;
A′N−3 → A¯N−3; A¯′N−3 → AN−3
Eα1N−3 → Eα2N−3; AN−3 ↔ A¯N−3;
Eα
′
1
N−3 → E
α′
2
N−3 A
′
N−3 ↔ A¯′N−3
Eβ12 → Eβ22 AN−2 ↔ A¯N−2;
Eβ
′
1
2 → E
β′
2
2 A
′
N−2 ↔ A¯′N−2
Eβ12 → E
β′
1
2 AN−2 → A′N−2; A′N−2 → A¯N−2
A¯N−2 → A¯′N−2; A¯′N−2 → AN−2
Eλ12 → E
λ′
1
2 AN−4 → A′N−4; A′N−4 → A¯N−4
A¯N−4 → A¯′N−4; A¯′N−4 → AN−4
Eλ12 → Eλ22 AN−4 ↔ A¯N−4; A′N−4 ↔ A¯′N−4
Eλ
′
1
2 → E
λ′
2
2
Table 6 Transformation of events and corresponding trans-
formation of observables.
6 Entanglement
Ever since the concept of entanglement witness was in-
troduced, a large number of them have been derived,
initially for two qubit systems [18] and later for N qubit
systems [10, 19]. This is an ongoing project, and the
derivations are based on diverse considerations. This
section not only shows that they can all be arrived at
through violation of classical probability rules, but also
gives an explicit method of deriving many more such
inequalities, without employing algebraic techniques.
For three-qubit systems, we recover already known wit-
nesses (inequalities 1 and 2 section (6.1)). To show the
potential of the framework, we also derive a new witness
(inequality 3 in section (6.1)), with equal ease.
The discussion to follow is simplified by first rep-
resenting the choice of observables geometrically. First
of all, note that for a qubit, a dichotomic observable
a ≡ σ · aˆ is uniquely specified by the unit vector aˆ.
Geometry
All the cases discussed in this section have the same
underlying geometry which we describe below:
1. For each qubit, we have three sets of doublets of
observables. For the ith qubit, we denote them by
{a1i , a2i }, {a1
′
i , a
2′
i }, {a1
′′
i , a
2′′
i }.
2. The angles between the observables in all the dou-
blets take the same value, α – which is the only free
parameter.
3. For each qubit, the normalised sums of vectors within
each doublet form an orthonormal basis. For the ith
qubit, they are denoted by {aˆi, aˆ′i, aˆ′′i }.
This is completely depicted in figure (1).
Fig. 1 Directions chosen for pseudoprojections in construc-
tion of entanglement inequalities. aˆi, aˆ′i, aˆ
′′
i : Orthonormal
triplets in the space of ith qubit that appear in the entan-
glement inequality (shown in blue). aˆ1,2i , aˆ
1′,2′
i , aˆ
1′′,2′′
i : Di-
rections used in the construction of pseudo-projection in the
space of ith qubit (shown in black).
Unlike in the case of nonlocality, we construct fami-
lies of inequalities, some of which also involve higher or-
der moments of pseudo probabilities. The range of α in
each case gets fixed because we explicitly preclude sep-
arable states from respecting the non classicality con-
dition.
6.1 Linear entanglement inequalities: N = 3
6.1.1 Inequality 1
The first set of events which we consider leads to entan-
glement inequalities involving only three body correla-
tion terms. They involve the sum of pseudo probabilities
P13 ≡
2∑
i=1
(P(E i2; a′3) + P(E i+22 ; a¯′3)
+P(E i+42 ; a3) + P(E i+62 ; a¯3)
)
, (25)
where, E12 ≡ E(a11 = a21 = a2); E22 ≡ E(a1
′
1 = a
2′
1 = a
′
2).
The other events are obtained via the transformations
exhibited in Table (7).
Set of events Observables
E1,22 → E3,42
E5,62 → E7,82 a2(a′2)↔ a¯2(a¯′2)
E1,22 → E5,62 a2 → a′2; a′2 → a¯2
a¯2 → a¯′2; a¯′2 → a2
Table 7 Transformation of ordered set of events and corre-
sponding transformation of observables.
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After performing the standard operations, we arrive
at the first family of entanglement inequalities
E13 ≡
〈
4 cos
α
2
+M3
〉
< 0; 0 < α ≤ arccos
(
− 7
8
)
,
(26)
where M3 is the Mermin polynomial for the 3-qubit
system.
6.1.2 Inequality 2
We now refine the inequality E13 (given in equation (26))
through the inclusion of two-body correlation terms. Of
interest is the sum
P23 ≡P13 +
∑
(ij)
P(a′′i = a1
′′
j = a
2′′
j ). (27)
Here (ij) represents cyclic permutation of i, j = 1, 2, 3.
Imposing the condition P23 < 0 implies the following
inequality
E23 ≡
〈
7 cos
α
2
+M3 + a
′′
1a
′′
2 + a
′′
2a
′′
3 + a
′′
3a
′′
1
〉
< 0.
0 < α ≤ arccos
(
− 31
49
)
. (28)
The condition corresponding to α = arccos
( − 3149) has
been derived earlier as a W witness by Ac´ın et al. [9]
using algebraic approaches.
6.1.3 Inequality 3
We introduce the following combination which involves
the same pseudoprobabilities as in P23 but with different
weights:
P33 ≡P13 +
1
3
∑
(ij)
P(a′′i = a1
′′
j = a
2′′
j ). (29)
As before, the condition P33 < 0 yields the following
inequality for inseparability:
E33 ≡
〈
5 cos
α
2
+M3+
1
3
(
a′′1a
′′
2 + a
′′
2a
′′
3 + a
′′
3a
′′
1
)〉
< 0;
0 < α ≤ arccos
(
− 23
25
)
. (30)
The inequalities E13 , E
2
3 and E
3
3 can also be be de-
rived using stabiliser formalism, proposed in [10]. The
present formalism successfully traces back the underly-
ing cause to classical probability rule violations.
6.1.4 Inequality 4
Now we derive an entanglement inequality that involves
correlation tensors as well as local terms for those three
qubit states which are in the neighbourhood of the W -
state. We start with the sum
P43 ≡
3∑
i=1
P(a1′′i , a2
′′
i ) +
3∑
i<j=1
{
P(a1′′i = a2
′′
i = a¯
′′
j )
+ 2
{P(a1′i = a2′i = a′j) + P(a1i = a2i = aj)}}
+ 3
{P(a1′′1 = a2′′1 = a′′2 ; a¯′′3) + P(a1′′1 = a2′′1 = a¯′′2 ; a′′3)}
+
∑
(ijk)
{
2
{P(a1i = a2i = aj ; a′′k) + P(a1′i = a2′i = a′j ; a′′k)+
P(a1i = a2i = a¯j ; a¯′′k) + P(a1
′
i = a
2′
i = a¯
′
j ; a¯
′′
k)
}}
. (31)
Again, the condition, P43 < 0, yields the following in-
equality for inseparability:
E43 ≡
〈
33 cos
α
2
+
3∑
i=1
a′′i +
3∑
i<j=1
{2(aiaj + a′ia′j)− a′′i a′′j }
− 3a′′1a′′2a′′3 + 2
∑
(ijk)
(aiaj + a
′
ia
′
j)a
′′
k
〉
< 0,
0 < α ≤ arccos(−0.954) ≈ pi. (32)
Here (ijk) represents cyclic permutations of i, j and k.
The inequality corresponding to one particular value,
α = arccos(−0.689), was earlier derived in [9] as a W
witness.
6.2 Bilinear entanglement inequalities: N = 3
So far we have considered violations of classical proba-
bility rules for linear combinations of pseudo-probabilities.
We next turn our attention to combinations involving
blinear terms in pseudo-probabilities.
6.2.1 Inequality 1
Consider, first, the sum:
S13 ≡{
P(E12 ; a3) + P(E22 ; a3) + P(E32 ; a¯3) + P(E42 ; a¯3)
}
·{
P(E12 ; a¯3) + P(E22 ; a¯3) + P(E32 ; a3) + P(E42 ; a3)
}
+{P(E52 ; a′3) + P(E62 ; a¯′3) + P(E72 ; a¯′3) + P(E82 ; a′3)}·{P(E52 ; a¯′3) + P(E62 ; a′3) + P(E72 ; a′3) + P(E82 ; a¯′3)} (33)
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where, the events are given by
E12 ≡ E(a11 = a21 = a2); E22 ≡ E(a1
′
1 = a
2′
1 = a
′
2);
E32 ≡ E(a11 = a21 = a¯2); E42 ≡ E(a1
′
1 = a
2′
1 = a¯
′
2)
E52 ≡ E(a11 = a21 = a′2); E62 ≡ E(a1
′
1 = a
2′
1 = a2);
E72 ≡ E(a11 = a21 = a¯′2); E82 ≡ E(a1
′
1 = a
2′
1 = a¯2). (34)
Imposing the condition S13 < 0 yields the family of in-
equalities
E13 ≡ 8 cos2
α
2
− 〈(a1a2 + a′1a′2)a3〉2
− 〈(a′1a2 − a1a′2)a′3〉2 < 0
0 < α ≤ arccos
(
− 3
4
)
(35)
6.2.2 Inequality 2
The second bilinear combination that we consider in-
cludes contribution from two-body correlation terms as
well:
S23 ≡{P(E12 ; a3) + P(E32 ; a¯3)}{P(E12 ; a¯3) + P(E3; a3)}+{P(E22 ; a3) + P(E42 ; a¯3)}{P(E22 ; a¯3) + P(E4; a3)}+{P(E52 ; a′3) + P(E72 ; a¯′3)}{P(E52 ; a¯′3) + P(E72 ; a′3)}+{P(E62 ; a¯′3) + P(E62 ; a′3)}{P(E82 ; a′3) + P(E82 ; a¯′3)}+∑
(ij)
P(a′′i = a1
′′
j = a
2′′
j )P(a¯′′i = a1
′′
j = a
2′′
j ). (36)
where {E12 , · · · , E82} have been defined in equation (34).
(ij) represents cyclic permutations of 1, 2, 3. Imposing
the condition S23 < 0 implies
E23 ≡ 7 cos2
α
2
− 〈a′′1a′′2〉2 − 〈a′′2a′′3〉2 − 〈a′′3a′′1〉2
−〈a1a2a3〉2 − 〈a1a′2a′3〉2 − 〈a′1a2a′3〉2 − 〈a′1a′2a3〉2 < 0,
0 < α ≤ arccos
(
− 1
7
)
. (37)
The inequality corresponding to the particular value
α = arccos
( − 17) has been derived in [19] by invoking
bounds on variances of observables for separable states
vis-a vis fully tripartite entangled states.
6.3 Linear entanglement inequalities for N– qubit
system
We now generalise our results by constructing an entan-
glement inequality involving N–body correlations. The
correlation terms in the inequality are just the high-
est rank tensors that would occur in the N–qubit GHZ
state. We start with the sum of pseudoprobabilities,
PN =
λ∑
i=1
{P(E iN−1; a′N ) + P(E i+λN−1; a¯′N )
+ P(E i+2λN−1 ; aN ) + P(E i+3λN−1 ; a¯N )
}
; N ≥ 3. (38)
where λ = 22N−5 and the events E iN−1; i ∈ {1, · · · , λ}
are to be extracted, recursively, from those that underlie
the entanglement inequality for (N − 1) qubits. The
basic pseudo probabilities for two-qubits are given by
P2 = P(a11 = a21 = a2) + P(a1
′
1 = a
2′
1 = a
′
2). (39)
Thus, E12 ≡ E(a11 = a21 = a2) and E22 ≡ E(a1
′
1 = a
2′
1 =
a′2).
Ordered set of events Observables
{E1N−1, · · · , EλN−1} → aN−1 ↔ a¯N−1
{Eλ+1N−1, · · · , E2λN−1} a′N−1 ↔ a¯′N−1
{E2λ+1N−1 , · · · , E3λN−1} →
{E3λ+1N−1 , · · · , E4λN−1}
{E1N−1, · · · , EλN−1} → aN−1 → a¯′N−1; a′N−1 → aN−1
{E2λ+1N−1 , · · · , E3λN−1} a¯N−1 → a¯′N−1; a¯′N−1 → aN−1
Table 8 Transformation of ordered set of events and corre-
sponding transformation of observables.
The entanglement inequality that follows has the
form
EN ≡
〈
2N−1 cos
α
2
+MN
〉
< 0, (40)
with 0 < α ≤ arccos
(
− 22N−3−1
22N−3
)
, which approaches
the value pi as N →∞.
If α is left unrestricted, all states with nonzero cor-
relation tensor would be rendered nonclassical.
6.3.1 Comments on generalisation
It is by now clear that, by following the method that
we have employed, numerous entanglement inequalities
for a multi-party system can be constructed, by includ-
ing correlations in the subsystems. The strength of the
framework lies in the fact that no extra concept, other
than violation of a classical probability rule, is required.
Specialisation to entanglement is accomplished by carv-
ing out suitable regions in the parameter space.
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7 Examples
7.1 Three-qubit GHZ state with white noise
We now present the results for the noise resistance of
the state, |GHZ3〉 = 1√2 (|000〉 + |111〉, with respect to
the inequalities derived above. The state is given by
ρ = p|GHZ3〉〈GHZ3|+ (1− p)1
8
I (41)
where I is the identity operator. The parameter p deter-
mines the purity of the state. The range of p for which
ρ is detected to be nonlocal or entangled by different
inequalities is shown in table (9). The entry in the fifth
row, corresponding to E33 , has been obtained in [11] by
imposing conditions on the entries of density matrix.
Inequality Range of p
S3
1√
2
< p ≤ 1
M3
1
2
< p ≤ 1
E13
1
4
< p ≤ 1
E23
3
5
< p ≤ 1
E33
1
5
< p ≤ 1
E13
1
2
√
2
< p ≤ 1
E23
√
3
7
< p ≤ 1
Table 9 Range of p for non-locality and entanglement de-
tected by different inequalities.
7.2 N -qubit GHZ state with white noise
The state ρ = p|GHZN 〉〈GHZN |+(1−p) 12N is rendered
entangled by the inequality EN in the range
1
2N−1 <
p ≤ 1.
8 Conclusion
In conclusion, we have demonstrated that pseudo pro-
jections, and the associated pseudo probabilities, can
be employed as a single means of exploring various
forms of non classicality of states. Each manifestation
follows from the breakdown of a classical probability
rule. Using this method, we have recovered a multitude
of well known results for non locality and entanglement
in multi party/multi qubit systems; these were derived
earlier by using several different means. Furthermore,
we have derived a new family of entanglement inequal-
ities. Finally, we have indicated how many more non
classicality conditions may be derived without a need
to introducing new concepts or techniques.
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